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MOLECULAR VIBRATIONAL ENERGY DISTRIBUTIONS :
A NEW SUM RULE FOR PED. KED AND TED.

Keywords : Molecular vibrations; PED, KED, TED; normal

modes; sum rules.

ALAIN J.P. ALIX
(Laboratoire de Recherches Optiques, Faculté des Sciences

B.P. 347, 51062 REIMS Cedex, FRANCE)

ABSTRACT

The summations over all vibrations (index k) of the
different kinds of energy distributions (potential: PED,
kinetic : KED and total : TED)lead to a set of very simple

sum rules, expressed in terms of fundamental parameters
such esF, C= F-l , G and G~' constants.

For instance one gets ) PED = J viE) | F... (F™ N, ...
1) 1J 1J
k k
Theoretical implications of that results in the
problem of charascterization of normal modes of vibration

are investigated and practical examples are given too.

RESUME
Les sommes sur l'ensemble des vibrations (indice k)
des différentes distributions énergétiques (potentielle
DEP, cinétique DEC et totale DET) conduisent & l'obtentior
de "régles de sommes" trés simples, exprimées en termes
de paramétres moléculaires fondementaux tels que les

constantes de force, de compliances, cinétigues...

441
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(F™ 1.,

. k
On obtient par exemple 2 DEP = Z ng) = Fij i3
K

k
Tes applicaticns théorigues 'de ces résultats dans

le domaine des modes norraux caractéristiques de vibration
sont développées en détail et des exemples concrets sont

présentés 2 titre d'illustration.

INTRCCUCTION

The definitions, properties and the applications

of the molecular vibraticnal energy distributions, say

potertial energy distritution : PED = Vi?l
kinetic energy distritution : KED ~» Tg?i
total energy distribution : PED - Eggz
vibraetional energy distribution :FKTED-+ Mgkz

in terms of symmetry cocrdinates (S}, gzeneralized
conjugate mowenta (P} and generalized symmetry forces

( f), have bYeen subject of numerousz fundamental works
during many years (see the references classified in chro-

nological order!.

T"he principal aim cf the use of such distributions
wes tc answer to the question : "How a characteristiec
mede of vibration sheould te recagnized?" This special
tyre of interrogation explains us why all the defined
rethods worked in terms of one vibration, i.e., the dis-
tritutions are determined for each mode of vibration,
taken one ty one seperstely. Tre derived sum rules are

-~

trer in Tact usual z2onditions of necrmalization.

n the present communicaticn, will be developped
a point wrizh does not appear to have been emphasized,
that i3 the result which may be obdtained by considering

all the modes of vibration taken simultaneously. Then, the
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summations over all modes of the different kinds of energy
distributions lead to a set of very simple sum rules ex-
pressed in terms of fundamental molecular parameters such

. i .= (F™Y .., kineti
as force constants FIJ,.compllants ClJ ( )13’ kinetic

constants G,. and/or (G.q)...
1 1]

POTENTIAL ENERGY PISTRIBUTIONS : PED

The basic formulae of the potential energy distri-
butions in terms of symmetry coordinates (3), generalizead
conjugate momenta (28) and generalized forces (12,16,18)

read

(K) (g5 .

Vig (37 = By Ly bye/dy o
(k) ° _ -1 ~_

vis Py = (T (TN /0, (2)
(k) _ T -1 v -1

iyt CF) = e (LT (LT D5y /ey (3)

where Fi' are the symmetrical force constants, Cij the
compliants (C==F-1), L is the matrix of eigenvectors of

the secular equation, A, is the k-th eigenvalue of the

k
secular equation, related to the k~-th mode of vibration

I
and Op = Ak .

The vibrational energy distribution (PKTED) is
linked to the PED by
(k) (k) _ 1 = (k)
vi©o® } Vit = Ly (b ) M ()
and takes the same expression, whatever the PED is
defined.

The normalization conditions are summarized as

follows :
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"
r

+

n
-
—_
N
-

PI iy =3 8 (i) = 5
i J 1

and give the usual surm-rules.

Let us now consider the summations over k, it is

over all modes of vibration, of the PED.

One gets, by using the following general relations

F= LULA.L7, C-L.s .L (6a)
= L.T ,67' =T, 1 (6b)
a unijue result which reads
T e = v ,(k) = ~ is= 1,2.‘-1'1
LPED = Va5 T Ty Sy {j = 1,2...n (1)

Equation (7) may also be developped for i = j and i # j

and gives

(k)

) Vi) = Fiye Cipni= 120000 (8a)
k

) w8 o oap e i=1,2...(n-1)35>1 (8b)
£ i i§tUige 2 :

In cases of use of equations (8) no distinction
have been made between the ij-term and the ji-term
appearing in equation (7), this explaining the introduc-

tion of the coefficient 2 in eqs (8b).

KINETIC ENERGY PISTRIBUTIONS : KED

The unusual formulse of the kinetic energy dis-
tributions in terms of symmetry coordinates (U4), genera-
lized conjugate momenta (28) and generalized forces
(27-29) read

() 3y = (6™

Ti; i3 Lik Lk

(9)
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(k) ~-1 Y1, i
(k) , ¢+ _ -1 ~o ~o 2
Tij (f)=(CGC C)~ij ( L )ik ( L )jk.xk {11)

where the symbols have the same meanings as in eqns (1,2

6).

The vibrational energy distribution (PKTED) is
linked to the KED by

L N 1 AT TG )

= (k) "
i £ i ik = My (12)

ik
The normalization conditions are thke same as the

ones given in eqn (5.

Now, considering the summations over k of the
different KED leads to :

(k) &\ _ (k) _ -1 .
ZTij (S) -ZTij (P) = Gy5. ( G714 (13a)
k k

(x) - -1 x
lg T3 (F) =1(CG Clyy- (FGF) (13b)

In this case, one sees that the sum rules are

different depending on the definition of the KED.

Equation (13a) may also be developped for i = j
and i # j and gives

;o) (8 <6, (67N, i=1,2...n (14a)

i ii ii?
k Jd

Cies '
i ij Y 1,2..(n-1)3j>1 (14v)

;i) (8) c26... (67", . 1
K

when only one term is associated to ij-and ji~interac-

tions.
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TOTAL ENERCY DISTRIBUTIONS : TED

The corresponding formulae and results may be
obtained directly from above, by using the fundamental

following properties

E§§) = [V§§) + T§§)] /2, (15a)
(k) _ ¢ (&) _ [ (k) (x) = (k)
E;7 = ,); Eij = {vi + T, ] /2 =M. {15b)

tut are not given for the sake of brevity. (For details

on definitions see Refs (22-29) }.

DISCUSSICN

Tre rresent discussion will be first focused on
~ne energy distributions defined in terms of symmetry
~zordirates which are the most usual ones.

Tre new sum rules are summarized below as

'y
= v..' = F... C.., 16
E PED ; Iy Fise Cij {16)
- oY, _ (k) - -1
¢ K2u = ; i3 = G50 06 g (16b)
_ (k) _ -1
E TED = \Z: E;0 = [ i5° Cij * Gla (G )ij] /2. (16¢c)

(a) computational purposes

First of 8ll it can be recall that the mapping
of the energy distributions related to one mode of

vibration is identical to build up three matrices : e.g.,

(k) (k) N (k)
i3 M ke > Jprio7 |], TED > ] E (-

PED » || v i
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The usual sum rules work on each matrix such as

J =7 (columm §) =) =¥ (row i) = PKTED<§),
t J

yoo= ¥ (all elements) = !

1]

The sum rules defined over k permits one :

- to serve as a check of the calculations,

~ to simplify some calculations.

The sum over k of the principal distributions

(J(ii)) are always strictly positive as the diagcnal
k

. -1 L, .
elements of the matrices F,C, G ana O are positive.
The sum over k of the coupling distributions

(E (i3)) may be positive, negative or null, depending on
k

the interactions elements. When the sum is null, two

cases haves to be considered : for instance
. -1 (k) ' .
(i) ¢ G )ij = 0 : all the Tij are null and their sun
is zero.
.. _ -1 (k)
(ii) 6.. =03 { G "Y.. # 0 then the T are not null

ij ij ij

but their sum is zero (see the case of G68 and G69 being

zero but ((3_1)68 ana G-1)69 being non null in Tabletb).

In second order problems one gets :

2
F
(x) _ (k) _ _ 12
gvﬂ -Evge = F,, F/lFl =1+ ET 21, (17a)
) vg}z‘) =] véf) =—Ff2/ | FI<o. (17b)

k k
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TABLE 1 A
Molecular Vibrational Energy Distributions and Sum Rules

For The Molecule: Mo [12C 160]6 {Oh); Species Al1g, F

Tu
A18 Potential Energy Distributio&
.. b ¢ (1) (2)
ij Fij cij £, PED vij Vij
i1 ©7.8456 0.0560 100. i1 96.27 3.83
2w 2.7699 0.3613 120.1° 5.19 9h4.92
S .2322 |-0.0047 -C.11 ] -0.7h 0.63
zij 200.00§ 100.00 100.00
A18 Kinetic¢ Energy Distribution Q
.. e (1) (2)
1] Gij Zk KED Tij Tij
11 0.1458 16.0000 233.298 232.96 0.33
22 0.0833 16.0000 233,29} 141,80 91.49
12h -0.0833 28.0037 -133.29%-137.42 4,13
zij 200.00§ 100.00 100.00

(a) all calculations have been done with at least six
figures by number (only some of them are reported here)

o
(b) force constants in units of mdyn/A (see i)

o
(c) compliants in units of A/mdyn.

(d) potential energy distributions in %

. . . . . -1
(e} inverse kinetic constants in units of am.u

(f) kinetic constants in units of a.m.u.

(g) kinetic energy distributions in %

(h) corresponding terms "ji" have the same values

(i) gef.,éﬂ(

{8%5?,R.S.Mc DOWELL and M.GOLDBLATT,Inorg.Chem.
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(see Tatle 1a for application).

(v) dynamical and/or kinematical couplings

Equations (16)permits one to detect directly the
presence of dynamical couplings (eqn.16a)and/or kinera-

tical couplings (equ.16b) between the different vitraticns

(i) Due to the invariance of the force constant

0

Fij (and/or compliants) with respect to isotoric sutsti-
tution {(within the Born-Oppenheimer approximatier;, 3+ I

m

seen that the )} PED is invariant too (see ean '6a:.
(ii) This is not the case for the KET ard’er the

TED which are mass dependant through the ( (3-"‘,.\j elements

(iii) A remarkable property of the KEZ, is t:ua:

2
[£]
m
tal

the sum over k is independant of the force field an
be computed as soon as the molecular corfiguration is
known. Then, the eventual couplings between thre 3iZfersn:
symmetry coordinates can be detected directly from esn.  ck

(see table 1b for application).
It must be pointed out that, by & srecial cacice
of the set of symmetry coordinates, it is possitle to

diagonalize the kinetic energy matrix. In this case O

and(}--1 are diagonal and equation (16b) reduces toc :
7 el®) Ly T§¥) =0, i=1,2...r; 3 % °.
k 13 k J

(c¢) characteristic normal modes of vitrsticr

n Implies

L]

A characteristic normal mecde of vivrati

for instance that v§§)= 1 and all cthers V;E) = 0 for tkhe

PED (same relations are velid for KED and TET',
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TABLE 1 B
?1u Potential Energy Distributiond
i Fo £ v Oy g (83 (9)
14 k 1] 1) 1) 1)
€5 ¢7.14%t | 10u.5 103.3 0.0 0.0 1.2
17 1.357 { 12L.7 2.6 | 5.8 79.5 36.7
22 2.55h | 121.3 0.0 49.7 12.5 59.0
39 5.813 [ 134.2 0.0 19.9 0.0 1th.2
£ %.873 4.2 -3.0 -0.0 -0.0 ~1.,2
£8y, 5.082 -0.2 0.0 -0.0 0.0 -0.2
£3v %.013 -0.0 -0.0 0.0 0.0 -0.0
14w -3.297 -3.6 0.0 ~-1.9 3.5 -5.2
eTs -2.222 | -16.8 -0.0 3.5 0.7 -21.0
53% -n5.227| -17.» 2.0 10.6 -0.3 -27.7
T.. Lno.9o 100.0 |100.0 100.0 100.0
F‘u Kinetic Energy Distribution
e (%) (1) (8) (9)
13 35 T Tij Tij Tij Tij
£ 18.069 | 205.0 205.0 0.0 0.0 0.0
77 22.062 | 229,71 10h.4 19.8 102.5 2.9
£a 16.030 | 334.7 0.0} 297.5 28.7 8.3
79 €4.320 | 375.1 0.0 330.2 0.4 hhy )y
£ 12.405 -105.0 {F1ob.7 -0.1 -0.0 -0.0
£ay, 3.15k 0.0 0.2 -0.1 0.0 -0.0
Lon 7.292 0.0 -0.1 0.3 0.0 -0.1
ran £.521 7.8 -0.2 22.5 -15.9 1.4
79z 1£.264 | -32.6 0.1] -34.7 -2.8 4.8
a5y 26.91Lk § -2kz.5 -0.0|-261.5 2.9 16.0
i Loo.ofl 100.01 100.0 100.0 100.0

zee Tootnotes in Table 1a.
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A situation in which all normal modes of vibration
would be characteristic would imply that § PED = )} KED
k k

=) TED = 6.. (1 for i = j, O for i # j).
k tJ

Such a case can not occur, except if the G and F

matrices are diagonal (see (b) and egqn (16b)).

It may this be concluded ( by study of the

reciprocal) that if the sum over k of the principal dis-

tributions (] (ii)) are nearly equal to unity and the sum
k

over k of the coupling distributions (J (ij)) are close to
k

zero, this simultaneously for the PED and the KED, then

the different modes of vibration of the molecule are

rather characteristic.

This is the case of numerous molecules exhibiting small

dynamical and kinematical couplings.

All the preceeding discussion V¥ 8y be extended
without difficulties to the cases of energy distributions
defined in terms of generalized symmetry conjugate momenta

{ P) and/or generalized symmetry forces (f ).

Finally the Mo [120 120]6 molecule has been
choosen as illustration. In table 1a are only reported
the results for the species Atg (2x2 problem). The Eg,
F2g and F2u species have results following the same

pattern and are not reported here.

The choice of such example is characteristic as
that molecule present strong kinematical couplings between

vibrations, and this in all species.
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The calculations of the new sum rules permit ones
to detect (before and without solving the inverse
eigenvalue problem) directly the kinematic couplings and
in cases of transfer of forces constants from similar

mclecules, the dynamical couplings.
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